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1. INTRODUCTION 
If X is an ordinary character of a finite group G and A is a group of 
automorphisms of G, it may quite happen that X has no irreducible 
A-invariant constituents although A" is A-stable: the first example we can 
think of is the restriction of any irreducible character to a normal sub- 
group of G, acting G on the normal subgroup by conjugation. 
In Character Theory it is often convenient o know whether or not a 
character contains stable irreducible constituents. If we assume that the 
orders of A and G are coprime something can be said in three natural 
very common situations. 
THEOREM. Suppose that A acts on G coprimely. 
(A) I f  H is an A-invariant subgroup of G and X • Irr(G) is A 
-inuariant then XH contains some A-inuariant irreducible constituent. 
(B) I f  H is an A-inuariant subgroup of G and 0 • I r r (H)  is A-  
inuariant, then 0 G contains some A-inuariant irreducible constituent. 
(C) I f  a and fl are irreducible A-invariant characters of G, then a[3 
contains some A-inuariant irreducible constituent. 
In the literature, parts (A) and (B) of the above theorem have appeared 
in the case when H is a normal subgroup of G (Theorem (13.27) and 
(13.31) of [4]). As happened there, we will use the Glauberman Correspon- 
dence to prove the theorem when A is solvable. When A is nonsolvable, 
the proof relies on the theory of fully ramified sections of groups of odd 
order. 
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2. THE CASE G OF ODD ORDER 
The proof of our theorem divides naturally into two cases. First we 
assume that the group A is nonsolvable, and therefore, that the group 
acted on is (solvable) of odd order. In this case we will use the deep 
properties of the odd fully ramified sections developed in [3]. We find it 
convenient to state here the main result of [3]. 
Recall that (G, K, L,0,  q~) is a character five if L ___ K ,~ G, L ~ G, 
K/L  is abelian, and ~0 ~ Irr(L) and 0 ~ Irr(K) are fully ramified with 
respect o K/L .  
(2.1) THEOREM. Let (G, K, L, O, ~o) be a character five. Assume that 
IG: KJ or JK : L] is odd. Then there exists a character t~ ~ Char(G/K)  
and U c_ G such that: 
(a) UK= G and U N K = L. 
(b) The equation Xu = ~u~, for ~ ~ Irr(GI0) and ~ ~ Irr(Ulq~) de- 
fines a bijection between these sets of characters. 
(c) If IG : LI is odd, then X and ~ correspond above iff [Xu, ~] is odd. 
(d) X and ~ correspond above iff ~o = fX. 
Proof. See Theorems (9.1) and (9.2) of [3]. II 
The values of the character ~O depend on the action of U/L  on K/L  
and on the bilinear alternating regular form associated with the character 
five (see Section 2 of [3]). On p. 619 of [3], these values are given and we 
will use them. In any case, [~b(g)l 2 = CK/L(g)[ for g ~ G (see p. 626 of 
[3]). Hence, ~0 always takes nonzero values. Also it is true that 1G is the 
only irreducible constituent of ~b with odd multiplicity (Corollary (6.5) of 
[3]). 
Since G/K  = U/L ,  sometimes we will identify ~p with ~u. 
A word of caution is appropriate here. Observe that the theorem above 
guarantees the existence of some complement which satisfies properties 
(b), (c), and (d), but this does not say that every complement of K/L  in G 
satisfies the conclusions of Theorem (2.1), and in fact, this is one of the 
reasons why part (C) of the theorem will become complicated. 
In [7], it is proved that U may be chosen in such a way that: 
(e) W n U satisfies properties (b), (c), (d) with respect o the charac- 
ter ~w for anyK_W_cG.  
We will also use this fact. 
As usual we denote by IrrA(G) the set of A-invariant irreducible 
characters of G. First, we prove parts (A) and (B) when the group G has 
odd order. 
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Proof of (A) and (B) when [G[ Odd. We argue by double induction, 
first on [G[ and second on [G : HI. Certainly, we may assume that H is a 
proper subgroup of G. Let F = GA denote the semidirect product. 
First we show part (A). Suppose that there exists a proper A-invariant 
subgroup J of G and tz ~ Irrx(J)  such that iz G = X- Then, by induction, 
tzHn g has some A-invariant irreducible constituent 6. Now, by the induc- 
tive hypothesis on part (B), we have that 8 H has some A-stable irreducible 
constituent, say ~:. Now, ~ c_ 8H c_ (tzHng) H C_ XH, where the last contain- 
ment comes from Mackey decomposition and a c_/3 denotes that/3 - a is 
a character or zero. 
So we may assume that our character X is not induced from A-invariant 
characters of proper A-stable subgroups of G (we say that X is A-primi- 
tive). From this it follows that XK is homogeneous for every normal 
subgroup K of F contained in G (just apply (13.27) of [4] and the 
uniqueness in the Clifford Correspondence, Theorem (6.11) of [4]). 
By induction on the index [G:H] ,  we certainly may assume that no 
A-invariant proper subgroup of G properly contains H (we say that H is 
A-maximal). 
Now let L = core~H and observe that if H = L, then part (A) is just 
Theorem (13.27) of [4]. So we may assume that L < H. Now let K~ L be a 
chief factor of F contained in G~ L. We know that XK is a multiple of an 
irreducible A-invariant character 0 and that XL is a multiple of ~p 
IrrA(L). By the Going Down Theorem, (6.18) of [4], we know that only two 
possibilities can actually occur: 0 L = ~p or ~o is fully ramified with respect 
to K~ L. 
In the first case, by Lemma (10.5) of [3], we know that XH ~ I r r (H)  and 
therefore this case is proved. 
Suppose that we are in the remaining case. By Theorem (2.1) applied in 
F and the Schur-Zassenhaus theorem we may find an A-invariant com- 
plement U/L  of K/L  in G/L  satisfying (a), (b), (c), (d), (e). By a 
standard argument in Group Theory, we know that H is also a comple- 
ment of K/L  in G and that all such A-invariant complements are 
G-conjugate. So it is possible to assume that H = U. 
By Theorem (2.1)(c) we know that XH has a unique irreducible con- 
stituent with odd multiplicity. By uniqueness, this constituent is A- 
invariant and this part is finished. 
Now we prove part (B). As before, we may assume that H is A-maxi- 
mal. Let L = coreGH. By Theorem (13.31) of [4] (and its preceding 
discussion), we may suppose that L < H. As in part (A), we choose K~ L 
to be a chief factor of F, with K _ G. Therefore, K/L  is an abelian 
p-group for some prime p, H~ L is an A-invariant complement of K~ L 
in G~ L, and all of them are G-conjugate. By Theorem (13.27) of [4], let 
~p ~ IrrA(L) be under 0. We claim that we may assume that ~p is G- 
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invariant. Otherwise, let T denote the stabilizer of ~o in G and let e 
Irr(T n HI,o) be the Clifford correspondent of 0 over ~0. Since we are 
assuming that T is proper in G, by induction we know that e T has some 
.4-invariant irreducible constituent, say 6. But now, 3a is an irreducible 
A-invariant character such that (~°) n contains (by Mackey) (6rnH)" 
which contains e H = 0. So it is possible to assume (p to be F-invariant. 
Since L = coreaH,  we have that Cc(K/L )  = K. Now, let M/K be a 
chief factor of f '  with M contained in G. If M/K is a p-group, then, 
since Z(M/L )  n K /L  > 1, we have that M c Cs(K /L )  = K, a contra- 
diction. So we have that M/K is a q-group for some prime q ~ p. By 
Fitting's lemma, we may write K/L  = [K /L ,M/K]  x Ct~/L(M/K). 
Since K/L  is a chief factor of F, we have that CK/L (M/K)  = 1. Now, 
by Theorem (13.31) and Problem (13.10) of [4], there exists a unique M- 
invariant irreducible character /~ ~ Irr(Kl~). We claim that ~ is 
F-invariant. To prove the claim, observe that if x lies in F and m in M, 
since xrnx -~ ~ M, it follows that  /1, xmx-I = ].Z, and therefore iz x is an 
M-invariant character of K lying over ~o. By uniqueness, we conclude that 
iz x = ~, as claimed. 
As in part (A), by the Going Down Theorem, we have two possibilities. 
I f / z  r = ~o, we know that restriction defines a bijection from Irr (Gl~) ---, 
Irr(Hl~o). Therefore, if X ~ Irr(GP~o) extends 0, by uniqueness X is 
,4-invariant and we are done in this case. 
So the case left is the case where ~o is fully ramified in K/L .  By 
Theorem (2.1), let X ~ Irr(Gllz) be the unique character over ~ with 
[X, ,  0] odd. Again, by uniqueness, it follows that X is A-invariant and the 
theorem is proved. II 
For proving part (C), we will use the Gajendragadkar 7 -special charac- 
ters defined in [1]. 
We begin with a lemma. 
(2.2) LEMMA. Let G be a group, let F = Op(G) and Z = Z(F). Assume 
that F /Z  is abelian and that Z c_ Z(G). Then all complements of [F/ 
Z, Opp,(G)] in G~ Z are G-conjugate. 
Proof. We have that G acts on F~ Z with kernel Cc(F / Z) which 
contains F. Thus the p'-group N~ F (N = Opp,(G)) acts on the p-group 
F /Z  and by Fitting's Lemma, we have that F /Z  = [F /Z ,N /F ]  x 
CF/z(N/F).  Now, we write N = FX, where X is a p-complement of N 
and notice that [FZ, N /  F] = [F/ Z, X] and CF/z(N/  F)= CF/z(X). 
Also, notice that since Z is central, it follows that CF/z(X) = CF(X). 
Suppose now that M~ Z is a complement of [F /Z,  X] in G~ Z. Since a 
p-complement of N n M is a p-complement of N, by replacing M by 
some G-conjugate we may assume that X _c M. Now, F n M is normal in 
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M and by Fitting's Lemma, we may write F N M~ Z = [F N M~ Z, X] x 
CFnM/z(X). Since [F n M/Z,  X] c_ [F/Z,  X] n M/Z  = 1, it follows 
that F N M/  Z c_ CF/z(X) , and by orders, we have that CFnM/z(X) = 
CF/z (X)  = CF(X  ) cc__ M. 
Now, N (7 M is a p-nilpotent group with normal Sylow p-subgroup 
CF(X) and p-complement X. Therefore, N ¢7 M = CF(X) × X. Then X 
is a normal subgroup of M, and thus M C_NG(X). However, since 
NF(X) = CF(X), it follows that M = No(X). Since all p-complements of
N are G-conjugate, the proof of the lemma is completed. II 
Proof of (C) When [G[ Odd. We argue by double induction, first on 
[G[ and second on a(1)/3(1). 
Observe that if a(1)/3(1) = 1, a/3 is linear A-invariant, and the theorem 
is true in this case. 
Let F = GA be the semidirect product. 
Step 1. We may assume that a and /3 are A-primitive. 
Suppose, for instance, that a = 7 c, where 3' ~ IrrA(H), for some A- 
stable proper subgroup H of G. In this case, observe that a/3 = (y/3H) c. 
By part (A), we know that /3/4 has some A-invariant irreducible con- 
stituent, say r. By induction, we have that yz has some A-invariant 
irreducible constituent, say 6. Then, by part (B), we know that 6 c has 
some A-invariant irreducible constituent z and since 6 c_ 7r  __c_ 7/3/4, it 
follows that/z  __c_ 6 c __c_ a/3. 
Step 2. We may assume that a and /3 are p-special. 
By Lemma (2.6) of [5], we know that a and/3 are, what it is called, fully 
factorable, this is to say, product of p-special characters, where p runs 
through the set of primes dividing I G[. 
We write a = Hap, and /3 = II/3p, were at, and /3p are p-special. By 
the uniqueness of the Gajendragadkar factorization, (7.1) of [1], we have 
that  OLp and /3p are also A-invariant, and, observe, A-primitive. 
If p is a prime dividing a(1)/3(1), we claim that it suffices to prove the 
theorem for ap and/3p. In fact, if a(1)/3(1) is a power of p, then a = hap, 
and/3 = ~/3p, where h and tz are A-invariant and linear. In this case, if 
is an irreducible A-invariant constituent of Olpflp, it follows that htz~ is an 
A-invariant irreducible constituent of a/3. In the case that ap(1)/3p(1) < 
a(1)/3(1), then aq(1)/3q(1)< a(1)/3(1) for any prime q. Therefore, by 
induction, we have that aq/3q contains an irreducible A-invariant charac- 
ter yq (in fact it is possible to choose yq q-special but we will not do that). 
If Hyq(1) = a(1)/3(1), it follows that Otq/3q ---- "yq, for all q. By Corollary 
(2.5) of [7], we have that the irreducible character aqflq is q-special for all 
the primes q, and thus, by (7.1) of [1], it follows that aft is irreducible and 
certainly A-invariant. So if we assume that Hyq(1) < a(1)/3(1), by induc- 
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tion (observe that our theorem is equivalent o proving that a product of 
any number of A-invariant irreducible characters has an A-invariant 
irreducible constituent), the theorem is proved. So it is no loss to suppose 
that c~ and /3 are p-special. 
Step 3. Ker a c3 Ker/3 = 1. Therefore Op,(G) = 1. 
Let N = Ker a c3 Ker/3, an A-invariant normal subgroup of G. Then 
we may certainly consider a and/3 as irreducible A-invariant characters of 
G/N.  If N is nontrivial, by induction on the order of I G], a/3 has some 
irreducible constituent 7 ~ I r rA(G/N) ,  and so 7 is an A-invariant irre- 
ducible constituent of a/3 as considered as a character of G. 
Since p-special characters of G have Op,(G) in their kernels (by (2.2.b) 
and (4.1) of [1]), this step is completed. 
Let F = F(G)= Op(G) be the Fitting subgroup of G and let Z = 
Z(F) > 1. 
Step 4. If  Y is an abelian A-invariant normal subgroup of G, then 
Y c Z c Z(F). Therefore, F~ Z is abelian with F nonabelian. Also F < 
G. 
By Step 1, we may write av  = a(1)A and /3v =/3(1)/z, where A and tt 
are linear F-invariant characters of Y. If g ~F  and y ~ Y, then 
A(y - ly  g) = A(y- l )A(y *) = A(y- l )A(y)  = 1. Therefore, [P, Y] _ keree 
and by the same reason, [F, Y] _c ker/3. By Step 3, it follows that [F, Y] = 
1, and thus Y c Z(F). Since Y _c F, we have that Y _c Z. 
If  the p-group F has class > 2, the last noncentral term of the lower 
central series is characteristic n F and abelian (see III.2.11.b of [2]). This 
is not possible, so the class of F is < 2. If F is abelian, then it is central 
and since F contains Ca(F) ,  we have that G = F is abelian. In this case 
a/3 is irreducible and there is nothing to prove. 
Suppose now that our group G is nilpotent. Since we may assume that 
a(1) > 1, we claim that this implies that V(a) = (g ~ G]a(g) 4~ 0) (the 
vanishing-off subgroup of a defined on p. 200 of [4]) is proper in G. To 
prove the claim, since G is nilpotent, we know that nonlinear characters 
are induced from proper subgroups of G (G is an M-group) and since 
maximal subgroups are normal, it follows that there exists a normal proper 
subgroup N of G and a character/.t ~ I r r (N)  with/x a = a. Then V(a) c_ 
N, as we claimed. Now, since V(a) is a normal A-invariant subgroup of G 
(because a is A-invariant), we may choose G/K  a chief factor of F with 
K containing V(a), i.e., with a vanishing in G -K .  By Step 1, we may 
write a K = e8 and /3K = dr, where e, d are integers and 3, z E IrrA(K). 
Since a/3 is zero outside K (because a is) and ((/5~-)c)K = ]G/K[3-c, it 
follows that or~3 = (ed/ ]G/ K])(6~') a. 
Now, by induction, let e be an irreducible A-invariant constituent of 8~- 
and by (B) let ~: be an irreducible A-invariant constituent of e a. Then ~: is 
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an irreducible constituent of (6~-) a and therefore so it is of c~/3. This shows 
Step 4. 
Write a z = a(1)A, and flz = 13(1)Ae" 
Step 5. If El Z is a nontrivial chief factor of F contained in G, then 
A,~ or A e is fully ramified with respect o E~ Z. 
By the Going Up Theorem (Problem 6.12 of [4]), each character of Z 
extends to E or is fully ramified with respect o El  Z. Now observe that if 
two of the characters {A,, A e, A,~A e} extend to E, the three of them extend 
to E, and therefore, since E'c_ Z, it will follow that E'_c kerA~ A 
kerA e = 1. But then, by Step 4, E _c Z and this is not possible. We 
conclude that A,~ or At3 is fully ramified with respect o El  Z. 
Since (F, Z, A,,) and (F, Z, A e) are character triple with F~ Z abelian, 
we have defined three multiplicative bilinear alternating forms on F~ Z 
associated to h a (that we denote (( , ))~), ((  , ))e associated to h e, and 
(( , ))~e, associated to h,~h e. We use Section 2 of [3] notation. First of all 
observe that ( (x ,  y)),,  = h~([x, y]), ( (x ,  Y))e = he([x, Y]), and 
( (x ,  Y)),~e = h~([x, y])ht3([x, y]) (see p. 596 in [3]). Also, notice that the 
three bilinear forms are F-invariant, that is to say, ((x g, yg)) = ((x, y)) 
for all g ~ F. This is because the linear characters of Z are F-invariant. 
Now let K~ Z c_ F~ Z be a chief factor o f / "  contained in G~ Z but not 
contained in Z(G/Z), and assume that h ,h  e has a F-invariant extension 
to K. Then, by previous comments, we know that h~ and h e are fully 
ramified with respect o K. By Theorem (2.1) applied to F, we have that 
there exist A-invariant complements Uv for the character five 
(G, K, Z, Izv, hv) satisfying (a), (b), (c), (d), (e) for 3' ~ {a,/3}. We call such 
a complement a good complement for (G, K, Z, Iz~, h~). 
Let $~ ~ Char (G/K)  be the character associated to the character five. 
Step 6. U~ and U e are G-conjugate (so we may assume that they are 
equal) and 0,  = ~e" 
First of all we prove that all elements in U~ are good for the character 
five (G, K, Z, IX~, A~), in the sense of Definition (3.1) of [3]. Let x ~ U~. 
Since U~ is good, we have that Z(x) /Z  is good for (K(x), K, Z, lx~, h~) 
with character ~b~K(x>, by Theorem (2.1)(e). Since ~0~(x) 4: 0, by Theorem 
(3.5) of [3], our claim follows. 
Let C = Ca(K/Z). Now we prove that U~ A C = Co(K). Let B~ = 
C r3 Uv and let k ~ K and b ~ B~. Let 6 be a F-invariant extension of 
A,~A e to K. Then 6 extends to K(b) and therefore, since [k,b] 
(K(b))' N Z it follows that A~([k, b])Ae([k, b]) = 1. Now since b is good 
for (K(b), K, Z, Ix~, Av), by the definition it follows that ( (b,  c))~ = 1 for 
all c ~C o , where Co/Z=CK/z(b)=K/Z.  Therefore, ( (k ,b ) )~= 1 
and combined with h,,([k, b])he([k, b]) = 1, it follows that A~([k, b]) = 1 
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and that A~([k, b]) = 1. By Step 3, we conclude that [K, B~] = 1 and then 
B v c_ Co(K). Since CG(K)t~ K = Z(K)= Z (by Step 4), we have that 
B v = Ca(K), as wanted. 
Now let D/C be a chief factor of F Contained in G and observe that 
D/C is a q-group for some prime q 4= p. Now observe that D n U~/ 
CG(K) is a q-Sylow of D~ CG(K) and that U~ = NG(D n U~), because U~ 
is maximal A-invariant and D n U~ cannot be normal in G (since it does 
not centralize K/Z). Since the q-Sylow subgroups of D/CG(K) are 
G-conjugate, U~ and Ut3 are G-conjugate. 
It remains to show that 4J~ = ~t~" 
Since A,~At3 extends to K it follows that A~At~([k~,k2])= 1 for all 
k,,k 2~K and hence, A, , ( [k, ,k2])=At~([k, ,k2]  ). Now, it suffices to 
observe what the values of the character ~0~ are (p. 619 of [3]). 
Now let X be as in Lemma (2.2) and observe that all nontrivial chief 
factors of F contained in [F/Z, X] are not contained in Z(G/Z): if 
K/Z  is contained in IF~Z, X], then [K/Z, X] = K /Z  and thus [K, X] 
is not contained in Z. Also notice that [F/Z, X] ~ 1. Otherwise, as in 
Lemma (2.3), we will have that F = CF(X). Since F is the Fitting 
subgroup of G, it contains CG(F) centralizer. Therefore X = 1 and then 
G = Op(G). This is not possible by Step 4. 
Step 7. We may assume that A~At3 is fully ramified with respect to 
IF~ Z, X]. 
Let F l = [F, X]Z. First of all we claim that [F 1,CF(X)] = 1. Since 
Z c_ Z(G), it suffices to show that [F, X, CF(X)] = 1. Since [X, CF(X), F] 
= 1 and [CF(X), F, X] = 1, because CF(X) is a normal subgroup of G, 
by the three subgroups lemma, the claim follows. 
Since Fl /Z is abelian and A~A~ is Fl-invariant, by Lemma (2.2) of [8], 
there exists a unique U ~ F t maximal with respect to A,~A 0 having a 
Fl-invariant extension to U. Also, every extension of A,,At~ to U is fully 
ramified with respect o Fl/U and also U is normal in F (by part (c) of 
the same lemma). Since Cu/z(X) = 1, by Theorem (13.31) and Problem 
(13.10) of [4], there exists a unique X-invariant extension ~ of A,At~ to U. 
Since F~/Z is abelian, all extensions of A,At~ to U are F~-invariant. Also, 
since [F~, CF(X)] = 1, all of them are also F-invariant. Now we claim that 
6 is F-invariant. To prove the claim, let y ~ F and let x ~ X. Then 
yxy-~ ~ N = FX, because FX is a normal subgroup of F. Therefore, we 
may write yxy- l  = fx0, where f ~ F and x o ~ X. Now, 6 y'-v-' --- 6 fx° = 3, 
and thus 6Y is an X-invariant extension of A~At3 to U. By uniqueness, the 
claim is proved. 
If A~At~ is not fully ramified with respect o F~, then U > Z and we may 
choose K/Z  be a chief factor of F contained in U. Observe that we are in 
the Hypothesis of Step 6. 
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By Step 6, let V be a good complement for both A~ and Ate. Write 
a v = q,~a o and /3v= ~0/3/30 and observe that by uniqueness s o 
IrrA(V]A,,) and 13 o ~ IrrA(V]At3). 
By the inductive hypothesis, we may find 3'o an A-invariant irreducible 
constituent of ao/30. Therefore, Y0 lies over A~At3, and thus we may find 
3" ~ IrrA(Gla) be such that Yv = Yo, by Lemma (10.5) of [3]. Observe, by 
Theorem 2.1, that V is a good complement for the character five 
(G, K, Z, ~ ,  Ate), and that ~_= ~0~ is the associated character. 
Now, since a~ ~ Char(GIAt0 and every element of V is good with 
respect o A~, it follows by (3.6) of [3], that 
3'1 = : [ 
¢,o 
= [ 0/30,3'0] >0 
as wanted. 
Step 8. A~ and A s are fully ramified with respect to K/Z ,  where 
K/Z  is any chief factor of F contained in F~/Z. 
The argument o prove Step 8 is very similar to the one used in the 
preceding step. We show, for instance, that A~ is fully ramified with 
respect to K/Z .  Suppose that it extends. Since a K is homogeneous, it 
follows that A~ has a F-invariant extension to K. Observe that both A~A~ 
and A~ are fully ramified in K/Z .  Now, A~ = (A~A~)A~ has a F-invariant 
extension to K, and by Step 6, it follows that the good complements for 
A~At3 and At~ with respect to K/Z  are G-conjugate. Also its associate 
characters, ~0~t 3 and ~ are complex conjugate (therefore q'~,t3 = ~0~). Let V 
be an A-invariant such a good complement. Write a K = a(1)r, where r is 
a F-invariant extension of A~ to K. By Lemma (10.5) of [3], we have that 
a v ~ IrrA(V). If we write /3 v = qtvflo, by the inductive hypothesis we will 
have that there exists t*0 ~ IrrA(V) an irreducible constituent of av/3o. 
Since /z 0 lies over )t~,A~ it follows that there exists a unique (and hence 
A-invariant) irreducible character t* such that tzv = O~t*0- Then 
, = 0 
as wanted. 
Step 9. A~, A s and A~A~ are fully ramified with respect o [F /Z,  X]. 
To see this, notice that by Theorem (2.7b) of [3], we have that each 
minimal normal subgroup K~ Z of 1"/Z contained in [F /Z,  X] is regular 
(K /Z  n K /Z±= 1) (with respect to A s and AS). We claim that this 
implies that [F /Z,  X] is itself regular (i.e., A~ and At3 and A~AO are fully 
ramified in [F /Z,  X]). This follows by noticing that if K~ Z is regular, by 
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Lemma (2.8) of [3], we have that IF~ Z, X] = K /Z  _L K /Z  ±. Now apply 
an inductive argument in K~ Z ± and Theorem (2.7b) of [3]. 
By Theorem (2.1) and Glauberman's Lemma, we may choose W an 
A-invariant complement of [F /Z ,  X] in G containing X and notice, by 
I_emma (2.2) and Theorem (2.1), that W is a good complement for 
(G, F 1, Z,/.%~, A,,At~), (G, F1, Z,/z,,, h~), and (G, F~, Z,/.tt3, Ate). 
As usual, we denote by ~,~t3, ¢,~, and q~t3 its respective associate charac- 
ters. 
Step 10. ¢,,~0t3/4J,,t~ is a character of G/F~ which contains the 
principal character of G, 
To prove this step, we construct another group in which our statement is 
easy to verify. Observe that W acts by conjugation on IF, X]Z with Z in 
its kernel. So we may form the semidirect product Go = F~Wo, where 
W o= IV/Z. Observe that Go/F  l = W o= W/Z-~ G/F  I. Under these 
isomorphisms we see that F o = Op(G o) = FI(Cr(X) / Z) and that N o = 
Opv,(G o) = F~(N n W/  Z). Since N O = Fo(XZ / Z) and [F0, XZ/  Z] = F~, 
it follows, by Lemma 2.3, that all complements to F JZ  in G O are 
Go-conjugate to WoZ. Also we have here the characters five 
(Go, FI, Z, ~,,~, A,~Ats), (Go, F~, Z, ~,,, A,,), and (G 0, F,, Z, ~t3, At3). 
Observe that the associate characters are characters of Go/F~ -- G/F~ 
which just depend on the action and on the bilinear form. So these 
characters are again ¢,,t3, ¢',,, and ¢'t3. The advantage here is that, since 
WoZ = W o x Z, it follows that A,,, At3, and A,,A~ extend to WoZ. Let 6~ 
and 6t3 be A-invariant extensions of A,, and At3 to WoZ, respectively (it 
suffices to put 3 , ,=A,~× lwo and 6t3=At3X lwo). Now let e~E 
Irr(GI/.%), ep ~ Irr(Gl/.tt0, and e,,cs ~ Irr(Glp.~p) be such that %woz = 
q%3~, epwoZ = ~0p3p, and e,,Pwoz = ~b,~tstS,~6 p. By degrees observe that e,,, 
ets, and %t3 are extensions to G of ~ ,  ttt3, ~%ts, respectively, and also that, 
since the characters ~0 are A-invariant (because its respective bilinear 
forms are), we have that the e characters are also A-invariant by unique- 
ness. 
If v, r, y ~ Char(Wo), then 
(e'~'er3r)W°Z ] 
= ,6,~6t~Ywoz [ (e°") (e'~') ' e°~'] q,~,p 
= [ ~¢~ 6.6~VWoZrWoZ ' [ -~-  6 ~,6 K'/ WoZ 
' ( " 
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So, making the necessary identifications, we have proved that 
= [ 
is a natural number for every choice of 7, u, ~- ~ I r r (W/Z) .  This certainly 
proves that ~0~0#/qs,,# is a character of W~ Z. 
It remains to show that [ff~0t3 / ~0,~#, 1 c] = [e,,e#, e~#] ~ 0. Hence, to 
finish this step, we should prove that e,,# _ e~e#. 
First of all, notice that (e~e#)wo z = ~bJs#6~6#. We know that we may 
write the characters ~O,~= i c+2A and ~O# = 1 c+2A#,  where A s ,A s 
Char(G). Therefore, we may write ~b~O# = I c + 2A, where zl 
Char(G). We conclude that [(e~e#)wo z, 8~6~] is odd. 
If we write, as we can, 0~# = i c + 2X, for X some character of G, we 
have that [(e~et3)w,,z, 6~6t~] = [e~e~, (6,~6t3) G] = [e~et3, ~t3e~t3] = 
[e~et~, (1 a + 2..Y)e~¢] - [e~et3, e,,t~] rood 2. This shows that [e~et3, e~t 3] is 
odd, and this implies what we wanted. 
Final Step. Now, write a w = O~a o and f lw = 0~fl0. Since W < G, by 
induction, we may find an irreducible A-invariant constituent 70 of a0fl 0. 
Since Y0 lies over )~,~At3, there exists a unique (and thus A-invariant) 
irreducible character 7 ~ Irr(GIA~3.t3) such that 7w = O~t3Yo. 
Now, 
= 
~0~-----~' 7o = ao/3o, 70 
is a positive integer by the previous step. This finishes the proof of our 
main theorem when the group G has odd order. II 
3. CHARACI'ER CORRESPONDENCES AND MULTIPLICITIES: 
THE CASE A SOLVABLE 
We left the A solvable case for the last part of this note because we 
wanted to make some general comments. When we have a coprime action, 
say A on G, we have defined a natural bijection (*) from the set of 
irreducible A-invariant characters of G, IrrA(G), onto the set of the 
irreducible characters of C = Co(A) ,  the fixed points subgroup. It is fairly 
general to use these correspondences (the Glauberman- Isaacs map) to 
prove theorems on characters in coprime action. Notice that we have not 
used the map to show the odd case of our theorem. 
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The main result of [5] was to prove that the character correspondence 
"commuted" with irreducible character induction and restriction: 
(3.0) THEOREM. Suppose that ,4 acts coprimely on G. Then 
(a) I f  H is an A-invariant subgroup of G, X ~ IrrA(G), and XH ~ 
Irr(H), then (XH)* = X~ H" 
(b) I f  0 ~ IrrA(H) and 0 c ~ Irr(G), then (O°) * = (0") c. 
Proof See Theorem A of [5]. | 
The question of whether or not parts (a) and (b) of the above theorem 
were consequences of a more general result was raised. Now we believe 
such a result exists and, in fact, we can prove it when the group acting is 
solvable. 
(3.1) THEOREM. Suppose that a soluable group A acts coprimely on G. 
Let H be an A-stable subgroup of G and let X ~ IrrA(G) and 0 ~ IrrA(H). 
Then [XH, O] > [XCnH, 0"] .  
Before going into the proof of Theorem (3.1), a few words are appropri- 
ate. First of all, observe that if Theorem (3.1) remains true without the 
hypothesis of being A solvable, it is also true that parts (A) and (B) of our 
main theorem are just consequences of this result. We should say we think 
a proof of Theorem (3.1) (without imposing A to be solvable) will require 
a considerably much deeper understanding of the Isaacs symplectic har- 
acter @ than is currently available. 
Interestingly enough, when trying to prove Theorem (3.1) in full general- 
ity, one seems to be forced to prove the analogous result on product of 
characters. This is perhaps even more difficult than Theorem (3.1); how- 
ever, again, we can prove the A-solvable case. 
(3.2) THEOREM. Suppose that a solvable group A acts coprimely on G 
and let a, ~, y E IrrA(G). Then [a/3, y] > [a*/3*, y*]. 
When a/3 E Irr(G) this was proved in [7] with full generality. Again, 
notice that part (C) of our main theorem will be just a consequence of 
Theorem (3.2) proved for general A. 
Now we begin the proofs of Theorems (3.1) and (3.2). 
Proof of Theorem (3.1). We argue by induction on JG] IAI. 
Since A is solvable, we may find a normal subgroup B of A with index a 
prime number. Let us denote by X' E Irr(Co(B)) be the B-Glauberman 
correspondent of X, and in the same way, let 0 'E  Irr(CH(B)) the B- 
Glauberman correspondent of 0. 
Now, A/B  acts on Co(B) and the A/B-correspondent of X' is X*, by 
the Glauberman Correspondence. Also, the A/B-correspondent of 0' is 
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X. HA 
where 
0". If B > 1, by induction we will have that [X~ntt, 0*] < [X'c~B),O'] < 
[Xn, 0], as wanted. So we may assume that A is cyclic of prime order. 
Let us denote by ,~ ~ Irr(GA) be the canonical extension of X to GA 
(see p. 220 of [4]) and let ~ ~ Irr(HA) be the canonical extension of 
e ~ IrrA(H) to HA. We know by (13.6) of [4], that there exist signs 6 x and 
6, such that ~(ca) = 6xX*(c), for all c ~ C = CG(A) and for all 1 4= a ~ A 
and ~(ca) = 6,e*(c) for all c ~ C O H and all 1 4= a ~ A. Observe that if 
s c ~ Irr(HA), since HA/H is cyclic of prime order, then ~t4 ~ IrrA(H) or 
~: is induced from a character of H. 
Now, we may write 
= E + A, 
where the s c c Irr(HA) are the irreducible characters of HA such that 
sen ~ Irr(H). Notice, then, that A ~ Char(HA) is induced from some 
character of H. 
By Gallagher's Theorem (6.17 of [4]), we have that 
E E E 
eE lirA(H) h E lrr(HA/A) e ~ lirA(H) 
~0~ = E [,~,A, A~] h ~ Char (HA/H) .  
A ~ lrr(HA/H) 
Since A is induced from a character of H, if c ~ C n H and 1 4: a ~ A, 
it follows that ~l(ca) = 0. Therefore, 
6xX*(C) = ~(ca)  = ~_~ ~O(ca)~(ca) 
e~IrrA(H) 
= Y'~ qJ~(a)~(ca) = Y'~ ~b~(a)6~e*(c). 
e¢ lrrA(H) e¢IrrA(H) 
Thus, 
e ~ lirA(H) 
for a l l c~CnHanda l l l  4:a ~A.  So we have that for all l 4:a cA ,  
[x~nn, e*] = a~,~(a) .  
Now, since O is A-invariant, 
[XH'O]=[X'H'O] =[('~HA)H'O] = [ e E IrrA(H)E ~be(1)e + AH, 0] 
=[  ~ ~(1)e ,  01 = qto(l). 
[ e ~ lirA(H) 
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aoax~bo( a ) = 
Therefore, what we need to show is that 6o~xq, e(a) < ~o(1). Now, 
E [)~m4, hO]a(a)  ] 
A ~ Irr(HA/H) A e I r r (HA/H ) 
= ~o(1)  
where 
aa= E E [aa,,e]ae+a= E <e+a, 
e ~ l rrA(G) a ~ Irr(GA/G) e ~ I r r . t (G)  
where s c runs over the irreducible characters of F with s~c ~ Irr(G) and 
A ~ Char(F). Also, notice, as before, that A is induced from some 
character of G. By Gallagher's Theorem we may write 
Therefore, we have that 
~*(c)/~*(c) = 
g,~ = Y'. [8 /~,ag]a ~ Char (GA/G) .  
A e Irr(GA/G) 
Now,  if c e C and 1 4: a ~ A, it follows that 
a~a~*(c )¢* (c )  = a/}(ca) = ~2 ~,Aal~(ca) 
e~I r rA(G)  
= E 0~(a)a~*(c ) .  
e e I r ra (G)  
e ~ l rrA(G) 
as wanted. 1 
The proof of Theorem (3.2) is very similar to that given above. 
Proof of Theorem (3.2). Let us write F = GA for the semidirect prod- 
uct. 
As before, we may assume that A is cyclic of prime order. So we may 
write ~(ca) = 6~e*(a), for all c ~ C and all 1 =~ a ~ A, for every e 
IrrA(G). 
Now,  
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and since this is for all c ~ C, it follows that 
[a*/3*, e*] : ~bE(a)S,~8~ ~. 
Now, since 3' is A-invariant, we have 
[0/8'3']= [ (t~)G'3'] = [ e~ IrrA(G)E qJt-(a)e,3'] = ¢'v(1) • 
Then, 
: E 3'*] : I  (a)l 
A ~ Irr(GA /G) 
A ~ Irr(GA/G) 
as wanted. II 
To end we would like to make a comment. In this note, we have 
presented three types of A-invariant characters having A-irreducible 
A-invariant constituents. Is it possible to give general conditions on A-sta- 
ble characters to have irreducible stable constituents (that include our 
three cases)? 
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